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Abstract 

We show that the method of counting closed walks in strongly regular 
graphs rules out no parameter sets other than those ruled out by the 
method of counting eigenvalue multiplicities. 

Following Bose |2_, a strongly regular graph with parameters n, fc, A, fi means 
an undirected graph G such that 

• G has n vertices, 

• G is regular of degree k, 

• every two adjacent vertices of G have precisely A common neighbours, 

• every two nonadjacent vertices of G have precisely fi common neighbours. 

Complete graphs have these four properties (with fc = n — 1, A = n — 2, and 
any fi) and so have their complements (with fc = n — 1, any A, and fi — n — 2). 
Let us follow the convention of excluding these trivial examples from the class 
of strongly regular graphs: let us assume that 

< fc < n - 1. (1) 

If there exists a strongly regular graph with parameters n, fc, A, then 

(n-l-fc)^ = fc(fc-l-A). (2) 

(This identity follows directly from counting in two different ways all sequences 
Wo, Wi, W2 of vertices wq, wi, W2 such that wq is prescribed, wq, wi are nonadja- 
cent, wi, W2 are adjacent, and Wq, W2 are nonadjacent: choosing 'W2 first and wi 
second gives the left-hand side; choosing wi first and W2 second gives the right- 
hand side) . Another widely known condition that is necessary for the existence 
of a strongly regular graph with parameters n, fc. A, /i goes as follows: 
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Theorem 1 // there exists a strongly regular graph with parameters n,k,X,fi, 
then 



2 



1 



( 



n 



1 ± 



V(A-M)2+4(fc-Ai) 



(n-l)(A-/i) + 2fc 



) 



are nonnegative integers. 



(3) 



The method used in the proof of Theorem [T] can be traced back to Connor and 
Clatworthy [5 ; it was used by Hoffman and Singleton [8] in the special case 
A = 0, ^ = 1 and by Wilf lOJ in the special case A = /z = 1. Additional infor- 
mation on strongly regular graphs can be found in [3l [4] and elsewhere. 

The famous Friendship Theorem of Erdos, Renyi, and Sos Theorem 6) 
states that 

if, in a finite undirected graph G, every two vertices have precisely 
one common neighbour, then some vertex of G is adjacent to all the 
vertices of G except itself. 

It is relatively easy to show that every counterexample G to this theorem would 
have to be regular (the first step is proving that every two nonadjacent vertices 
must have the same degree). The rest of the proof amounts to proving that 
there is no strongly regular graph with parameters n, fc, 1, 1. For this purpose, 
Erdos, Renyi, and Sos invoke a theorem of Baer [T], whose special case asserts 
that every polarity in a projective plane of order at least 2 maps some point 
to a line that contains this point. To make this proof of the Friendship The- 
orem self-contained, one may extract from [1] the corresponding fragment of 
Baer's reasoning; this is precisely what Longyear and Parsons [9j, and later also 
Huneke [7|, seem to have done. The argument generalizes to the context of 
strongly regular graphs as follows. 

Theorem 2 // there exists a strongly regular graph with parameters n,k,X,fj., 
then every prime p divides the integer Cp defined by the recurrence 



with the initial conditions cq — n, ci = 0. 

Proof. A walk of length ^ in a graph G is a sequence wo,wi, . . . ,we of (not 
necessarily distinct) vertices such that each Wi with < i < £ is adjacent to 
Wi+i. The walk is called closed if wi = wq and it is called open if we ^ wq- If 
there is a strongly regular graph G with parameters n, fc. A, /i, then the number 
of closed walks of length £ in G satisfies the recurrence for q, since 

• kce^2 of these walks have wi-2 — wq, 

• Aq_i of these walks have wi^2 7^ wq with W£_2, wq adjacent, 

• ulnk^^"^ — ce-2 — Q-i) of these walks have wt~2 7^ wq with Wi-2, wq 
nonadjacent. 



ce = iJ,nk^ ^ + (A - fJ,)ct.-i + (fc - ^i)ce-2 



(4) 
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The proof is completed by observing that every prime p divides the number of 
closed walks of length p in G, since each equivalence class of the equivalence 
relation ~ defined on the set of all closed walks of length p in G by setting 

uo,wi, • ■ ■ ,Up_i,Uo Wo,"!, • ■ ■ ,'i^p-i,i'o if and only if 

there is an integer s such that < s < p and Vi — U(j^s) p for all 

« = 0, 1, . . . ,p- 1 

consists of p distinct walks. □ 



The purpose of this note is to show that the necessary condition of Theorem[2] 
is subsumed in the necessary condition of Theorem [T] 

Theorem 3 Let n,k,X,ii be nonnegative integers with properties ([T|), ([2]), ([3]). 
Then every prime p divides the integer Cp defined by the recurrence (HI) with the 
initial conditions Cq = n, ci = 0. 



Proof. We have 
with 



7 / f 

Ce = K + TUir^ + 7712? 



1 {n- 1)(A - ^) + 2fc 

mi = t: \ n — 1 — 



2 V ^{x^WTW^), 

1 ( (n-l)(A-^) + 2fc 

m2 — — \ n 



2 V ^()^^W+W^)) 
ri = ^((A-A*) + V(A-M)2+4(fc-M)), 
r2 = i ((A - ^) - y(A^7I)^T4(rr7I)) . 

Case 1: (n — 1)(A — /^) + 2fc 0. In this case, property ^ implies that 
a/(A — /i)^ + 4(fc — ji) must be rational. Since the square root of an integer 
is rational only if it is an integer, it follows that ■\/(A — /i)^ + 4(fc — /i) is an 
integer. Now 



V(A-m)^+4(A:-^) mod 2 = ((A - iif + 4(A: - ^)) mod 2 = (A - mod 2, 
and so ri and r2 are integers. By Fermat's Little Theorem, 

[kF + mir\ + 774272) mod p = (fc + 777i7i + m2r2) mod p ; 
the right-hand side is zero since k + ?7ii7i + 7772'"2 = ci = 0. 

Case 2: [n — 1)(A — /i) + 2fc = 0. In this case, property ([T]) implies that 
/i — A = 1, and so n = 2fc + 1; in turn, property ^ implies that k = 2/i. Now 

ci = (2/i/ + 2M(7f +7^) 
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with 

= 2 ' = 2 • 

Expanding rf + as 

we conclude that 



In particular, C2 = 2/i(4/i + 1). When p is an odd prime, we have Cp = (2/^)^ — 
4:^Xp with 

(p-l)/2 

i=0 ^ ^ 



note that Xp may not be an integer, but 2Pxp is one; since p divides every 
(jj with < j < p, we have 2^'a;p modp = 1. By Fermat's Little Theorem, 
2P~^ mod p = 1; since 4:HXp is an integer (it equals (2/^)^ — Cp), it follows that 

AfiXp mod p = (2^~^ • AfiXp) mod p = (2/i • 2^Xp) mod p = 2/U mod p. 

By Fermat's Little Theorem again, {2^)P mod p = 2^ mod p, and so Cp mod p = 
0. □ 
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